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Abstract
The three quantum groups dual to the generalized twist deformed Poincare Hopf
algebras are provided with use of FRT procedure. Their Galilean counterparts are
obtained by nonrelativistic contraction scheme.
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1 Introduction
There are two major approaches to describe the particle kinematics in high energy (trans-
planckian) regime. The first treatment assumes that relativistic symmetry becomes bro-
ken close to the Planck scale, so that effectively we have to do with some preferred (cosmic)
frame (see [1] and references therein). In the second approach one assumes that Poincare
symmetry is still present, but together with the corresponding space-time it becomes de-
formed. The second treatment follows from many phenomenological (see [2], [3]) as well
as from formal arguments, based mainly on Quantum Gravity [4]-[6] and String Theory
models [7], [8].
It is well known that a proper modification of the Poincare and Galilei Hopf algebras
can be realized in the framework of Quantum Groups [9]-[11]. Hence, in accordance with
general Hopf-algebraic classification of all possible deformations of relativistic and nonrel-
ativistic symmetries [12], [13], one can distinguish three basic kinds of quantum spaces:
1) Canonical (θµν-deformed) space-time
[ xˆµ, xˆν ] = iθµν ; θµν = const , (1)
considered in [14]-[17]. The corresponding twist deformation of Poincare Hopf algebra
Uθ(P ) has been proposed in [14], while its dual quantum group Pθ in [16] and [17]. There
were also provided two θµν-deformed Galilei Hopf algebras [18] as the contraction limits
of twisted Poincare group Uθ(P ). Their dual Hopf structures have been represented in
[19].
2) Lie-algebraic modification of classical space
[ xˆµ, xˆν ] = iθ
ρ
µν xˆρ , (2)
with particularly chosen coefficients θρµν being constants. There exist two explicit realiza-
tions of such a noncommutativity - κ-Poincare Hopf algebra Uκ(P ) [20], [21] and twisted
Poincare Hopf structure Uζ(P ) [22] (see also [23]). Their dual partners Pκ and Pζ have
been discovered in [24] and [22], respectively. Besides, the so-called κ-Galilei group has
been provided by nonrelativistic contraction of κ-Poincare Hopf algebra in [25], and its
dual quantum partner has been described in [26]. The remaining Galilei algebras and
corresponding quantum groups were discovered in [18] and [19] by various contraction
schemes of twisted Poincare Hopf structure Uζ(P ) and its dual partner Pζ .
3) Quadratic deformation of Minkowski space
[ xˆµ, xˆν ] = iθ
ρτ
µν xˆρxˆτ , (3)
with coefficients θρτµν being constants. This type of noncommutativity has been proposed
in [22] as the translation sector of Hopf structure Pξ. The explicit form of its nonrela-
tivistic counterpart has been provided in [19].
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Recently, there was considered other type of quantum space - so-called generalized
quantum space-time
[ xˆµ, xˆν ] = iθµν + iθ
ρ
µν xˆρ , (4)
which combines canonical type with the Lie-algebraic kind of space-time noncommuta-
tivity. The Hopf-algebraic realization of corresponding quantum symmetries has been
proposed in [27]-[29] in the case of relativistic symmetry and in [29] as well for its nonrel-
ativistic counterpart.
In this article we provide three Poincare quantum groups Pθkl,κ, Pθ0i,κˆ and Pθ0i,κ¯ dual to
the twist deformed (generalized) Hopf universal enveloping algebras Uθkl,κ(P ), Uθ0i,κˆ(P )
and Uθ0i,κ¯(P ) proposed in [29] (see Section 2). All of them are obtained by so-called FRT
procedure [30]. Besides, we find their three Galileian counterparts with use of the well
known nonrelativistic contraction scheme [31]-[33].
It should be noted that obtained in such a way Galilei Hopf structures can be get by
direct application of FRT procedure as well. However, the contraction scheme used in this
article has one advantage - it gives more precise information about investigated objects,
i.e. about the twisted Poincare and Galilei quantum groups as well as about the linking
contraction between both Hopf structures. The relations between different types of Hopf
algebras and corresponding dual quantum groups are illustrated on Figure 1.
The paper is organized as follows. In second section we recall basic facts concerning
the relativistic Uθkl,κ(P ), Uθ0i,κˆ(P ), Uθ0i,κ¯(P ) and nonrelativistic Uξkl,λ(G), Uξ0i,λˆ(G),
Uξ0i,λ¯(G) Hopf algebras respectively. In section three we provide corresponding six (dual)
quantum groups - three at relativistic level obtained by use of FRT procedure and three
at nonrelativistic level by the use of contraction scheme. The final remarks are discussed
in the last section.
2 Generalized twist deformations of Poincare and Ga-
lilei Hopf algebras
2.1 Relativistic case
In this section, following the paper [29], we recall basic facts related with the generalized
twist-deformed Poincare Hopf algebras Uθkl,κ(P ), Uθ0i,κˆ(P ) and Uθ0i,κ¯(P ). All of them
are described by so-called Abelian r-matrices r·,· ∈ U·,·(P ) ⊗ U·,·(P ), which satisfy the
classical Yang-Baxter equation (CYBE)
[[ r·,·, r·,· ]] = [ r·,·12, r·,·13 + r·,·23 ] + [ r·,·13, r·,·23 ] = 0 , (5)
where symbol [[ ·, · ]] denotes the Schouten bracket and for r·,· =
∑
i ai ⊗ bi
r·,·12 =
∑
i
ai ⊗ bi ⊗ 1 , r·,·13 =
∑
i
ai ⊗ 1⊗ bi , r·,·23 =
∑
i
1⊗ ai ⊗ bi .
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Becouse the classical r·,·-matrices are spaned by Abelian algebra, the corresponding twist
factors are given by (see [9]-[11])
F·,· = exp (ir·,·) . (6)
They satisfy the classical cocycle condition
F·,·12 · (∆0 ⊗ 1) F·,· = F·,·23 · (1⊗∆0) F·,· , (7)
as well as the normalization condition
(ǫ⊗ 1) F·,· = (1⊗ ǫ) F·,· = 1 , (8)
with F·,·12 = F·,· ⊗ 1, F·,·23 = 1⊗F·,· and ∆0(a) = a⊗ 1 + 1⊗ a.
In accordance with the general twist quantization procedure [9]-[11] the algebraic sectors
of all discussed below Hopf structures remain undeformed (ηµν = (−,+,+,+))
[Mµν ,Mρσ] = i (ηµσ Mνρ − ηνσ Mµρ + ηνρMµσ − ηµρMνσ) ,
[Mµν , Pρ] = i (ηνρ Pµ − ηµρ Pν) , [Pµ, Pν ] = 0 , (9)
while the coproducts and antipodes transform as follows
∆0(a)→ ∆·,·(a) = F·,· ◦ ∆0(a) ◦ F
−1
·,· , S·(a) = u·,· S0(a) u
−1
·,· , (10)
where S0(a) = −a and u·,· =
∑
f(1)S0(f(2)) (we use Sweedler’s notation F·,· =
∑
f(1) ⊗
f(2)).
Recently, in the article [29], there have been considered three (all possible) types of
Abelian and generalized twist factors1, generating the noncommutative space-time alge-
bra of type (4)2:
i) Fθkl,κ = exp i
[
1
2κ
Pk ∧Mi0 + θklPk ∧ Pl
]
, (11)
ii) Fθ0i,κˆ = exp i
[
1
2κˆ
P0 ∧Mkl + θ0iP0 ∧ Pi
]
, (12)
iii) Fθ0i,κ¯ = exp i
[
1
2κ¯
Pi ∧Mkl + θ0iP0 ∧ Pi
]
. (13)
They lead to the following coproduct sector in the case of deformation Uθkl,κ(P ) generated
by the twist factor (11)
∆θkl,κ(Pµ) = ∆0(Pµ) + sinh(
1
2κ
Pk) ∧ (ηiµP0 − η0µPi) (14)
+ (cosh(
1
2κ
Pk)− 1) ⊥ (ηiµPi − η0µP0) ,
1Indecies k, l are fixed and different than i.
2
a ∧ b = a⊗ b − b⊗ a.
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∆θkl,κ(Mµν) = ∆0(Mµν) +
1
2κ
Mi0 ∧ (ηµkPν − ηνkPµ)
+ i [Mµν ,Mi0] ∧ sinh(
1
2κ
Pk)
− [[Mµν ,Mi0] ,Mi0] ⊥ (cosh(
1
2κ
Pk)− 1)
+
1
2κ
Mi0 sinh(
1
2κ
Pk) ⊥ (ψkPi − χkP0)
−
1
2κ
(ψkP0 − χkPi) ∧Mi0(cosh(
1
2κ
Pk)− 1)
− θkl[(ηkµPν − ηkν Pµ)⊗ Pl + Pk ⊗ (ηlµPν − ηlνPµ)] (15)
+ θkl[(ηlµPν − ηlν Pµ)⊗ Pk + Pl ⊗ (ηkµPν − ηkνPµ)]
+ θkl [[Mµν ,Mi0] , Pk] ⊥ sinh(
1
2κ
Pk)Pl
− θkl [[Mµν ,Mi0] , Pl] ⊥ sinh(
1
2κ
Pk)Pk
+ iθkl [[[Mµν ,Mi0] ,Mi0] , Pk] ∧ (cosh(
1
2κ
Pk)− 1)Pl
− iθkl [[[Mµν ,Mi0] ,Mi0] , Pl] ∧ (cosh(
1
2κ
Pk)− 1)Pk ,
with a ⊥ b = a ⊗ b + b ⊗ a, ψγ = ηjγηli − ηiγηlj and χγ = ηjγηki − ηiγηkj. The two
remaining Hopf structures (Uθ0i,κˆ(P ) and Uθ0i,κ¯(P )) corresponding to the twist factors
(12) and (13) look similar (see [29]) to the coproducts (14) and (15). For this reason they
will be omitted in present article.
Obviously, for the deformation parameter θkl approaching zero and parameter κ run-
ning to infinity, the above Hopf structure becomes classical. Besides, for fixed (different
than zero) parameter θkl and parameter κ approaching infinity, we get twisted (canoni-
cal) Poincare Hopf algebra provided in [14]. Moreover, for parameter θkl running to zero
and fixed parameter κ, we recover the Lie-algebraically deformed relativistic Hopf algebra
introduced in [22] (see also [23]).
2.2 Nonrelativistic case
The corresponding Galilei Hopf algebras Uξkl,λ(G), Uξ0i,λˆ(G) and Uξ0i,λ¯(G) can be ob-
tained by direct application of twist procedure (see formula (10)) or by nonrelativistic
contraction of deformations (11)-(13). They have been found in [29] with the use of
contraction procedure which leads to the following algebraic sector
[Kab, Kcd ] = i (δadKbc − δbdKac + δbcKad − δacKbd) ,
[Kab, Vc ] = i (δbc Va − δac Vb) , [Kab,Πc ] = i (δbcΠa − δacΠb) , (16)
[Kab,Π0 ] = [Va, Vb ] = [Va,Πb ] = 0 , [Va,Π0 ] = −iΠa , [ Πρ,Πσ ] = 0 ,
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and the coalgebraic one
∆ξkl,λ(Π0) = ∆0(Π0) +
1
2λ
Πk ∧ Πi , (17)
∆ξkl,λ(Πa) = ∆0(Πa) , ∆ξkl,λ(Va) = ∆0(Va) , (18)
∆ξkl,λ(Kab) = ∆0(Kab) +
i
2λ
[ Kab, Vi ] ∧ Πk +
1
2λ
Vi ∧ (δakΠb − δbkΠa)
− ξkl [ (δkaΠb − δkbΠa)⊗Πl +Πk ⊗ (δlaΠb − δlbΠa) ] (19)
+ ξkl [ (δlaΠb − δlbΠa)⊗ Πk +Πl ⊗ (δkaΠb − δkbΠa) ] ,
where the generators Kij , Πµ and Vi are given by
P0 =
Π0
c
, Pi = Πi , Mij = Kij , Mi0 = cVi , (20)
and
λ = κ/c , ξkl = θkl (ξlk = θlk) , c− light velocity . (21)
The two remanning cosectors for Uξ0i,λˆ(G) and Uξ0i,λ¯(G) associated with the twist factors
(12) and (13) look similar to the formulas (17)-(19) (see [29]) and are omitted in the
present article.
Obviously, for deformation parameter ξkl approaching zero and parameter λ running
to infinity, the above Hopf algebra becomes classical. Besides, for fixed parameter ξkl
and parameter λ approaching infinity, we get twisted (canonical) Galilei Hopf algebra
provided in [18]. Moreover, for parameter ξkl running to zero and fixed parameter λ, we
recover the Lie-algebraically deformed nonrelativistic Hopf algebra introduced in [18] as
well.
3 Generalized twist deformations of Poincare and Ga-
lilei (dual) quantum groups
3.1 Relativistic case
Let us now turn to the Poincare quantum groups Pθkl,κ, Pθ0i,κˆ and Pθ0i,κ¯ dual to the
relativistic Hopf algebras i), ii) and iii) provided in pervious section.
It is well known that such structures can be obtained with use of so-called FRT
procedure [30]. Hence, in a first step of our algorithm we introduce the quantum R-
matrices associated with considered Poincare groups. They satisfy so-called quantum
Yang-Baxter equation (QYBE)
R12R13R23 = R23R13R12 ; R12 = Rα ⊗ Rβ ⊗ 1 if R = Rα ⊗Rβ etc , (22)
and in the case of twisted algebras, they take the form (see [9]-[11])
R·,· = F
T
·,· · F
−1
·,· = exp (−2i r·,·) , (a⊗ b)
T = b⊗ a . (23)
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Particulary, in the standard matrix representation of the Poincare generators
(Mµν)
A
B = δ
A
µηνB − δ
A
νηµB , (Pµ)
A
B = δ
A
µδ
4
B , (24)
the R-matrices associated with twist factors (11)-(13) look as follows3:
i) Rθkl,κ = 1⊗ 1 + i
[
1
κ
Pk ∧Mi0 + 2θklPk ∧ Pl
]
, (25)
ii) Rθ0i,κˆ = 1⊗ 1 + i
[
1
κˆ
P0 ∧Mkl + 2θ0iP0 ∧ Pi
]
, (26)
and
iii) Rθ0i,κ¯ = 1⊗ 1 + i
[
1
κ¯
Pi ∧Mkl + 2θ0iP0 ∧ Pi
]
, (27)
respectively.
In the second step of FRT procedure we introduce the following 5× 5 - matrices
TAB =
[
Λµν a
µ
0 1
]
, (28)
where Λµν parametrizes the quantum Lorentz rotation and a
µ denotes quantum transla-
tions, such that
< Λµν ,M
αβ >=
(
ηαµδβν − η
βµδαν
)
, < aµ, Pν >= δ
µ
ν . (29)
Consequently, the algebraic part of dual Poincare group is described by so-called RTT
relation
R·,·T1T2 = T2T1R·,· , (30)
while the composition law for the coproduct remains classical
∆(TAB) = T
A
C ⊗ T
C
B , (31)
with T1 = T ⊗ 1, T2 = 1⊗ T and quantum R-matrix given in the representation (24).
Using results presented in [17] and [22] after insertion of (25), one can write the relations
(30) in terms of the operator basis (Λµν , a
µ), as follows4
i) [ aµ, aν ] =
i
κ
δνk(δµia0 − δ
µ
0ai) +
i
κ
δµk(δν0ai − δ
ν
ia0) +
− iθkl(Λ
µ
k Λ
ν
l − δ
µ
k δ
ν
l)− iθlk(Λ
µ
l Λ
ν
k − δ
µ
l δ
ν
k) ,[
aµ,Λνρ
]
=
i
κ
Λµk(η0ρΛ
ν
i − ηiρΛ
ν
0) +
i
κ
δµk(δν0Λiρ − δ
ν
iΛ0ρ) , (32)
3For matrix representation (24) we have PµPν = PµMρτ = 0 in the case of commuting generators Pµ
and Mρτ .
4Due the linear form of matrices (25)-(27), one can write the commutation relations for dual groups
P
·,· as the sum of commutators provided in articles [17] and [22].
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[ Λµν ,Λ
ρ
τ ] = 0 .
Similarly, if we use second R-matrix (26) we get
ii) [ aµ, aν ] =
i
κˆ
δν0(δ
µ
kal − δ
µ
lak) +
i
κˆ
δµ0(δ
ν
lak − δ
ν
kal) +
+ iθ0i(Λ
µ
0 Λ
ν
i − δ
µ
0 δ
ν
i) + iθi0(Λ
µ
i Λ
ν
0 − δ
µ
i δ
ν
0) ,[
aµ,Λνρ
]
=
i
κˆ
Λµ0(ηlρΛ
ν
k − ηkρΛ
ν
l) +
i
κˆ
δµ0(δ
ν
lΛkρ − δ
ν
kΛlρ) , (33)
[ Λµν ,Λ
ρ
τ ] = 0 .
In the third case (27) one obtains
iii) [ aµ, aν ] =
i
κ¯
δνi(δµkal − δ
µ
lak) +
i
κ¯
δµi(δνlak − δ
ν
kal) +
+ iθ0i(Λ
µ
0 Λ
ν
i − δ
µ
0 δ
ν
i) + iθi0(Λ
µ
i Λ
ν
0 − δ
µ
i δ
ν
0) ,[
aµ,Λνρ
]
=
i
κ¯
Λµi(ηlρΛ
ν
k − ηkρΛ
ν
l) +
i
κ¯
δµi(δνlΛkρ − δ
ν
kΛlρ) , (34)
[ Λµν ,Λ
ρ
τ ] = 0 .
Besides, inserting (28) in the formula (31) we get the well-known form of the coproducts
∆·,· (Λ
µ
ν) = Λ
µ
ρ ⊗ Λ
ρ
ν , ∆·,·(a
µ) = Λµν ⊗ a
ν + aµ ⊗ 1 . (35)
It should be also noted that all above relations can be supplemented by the classical
antipode
S·,·(Λ
µ
ν) = Λ
µ
ν , S·,·(a
µ) = −Λµν a
ν , (36)
and the counit
ǫ·,·(Λ
µ
ν) = δ
µ
ν , ǫ·,·(a
µ) = 0 . (37)
In such a way we get three types of (dual) quantum groups Pθkl,κ, Pθ0i,κˆ and Pθ0i,κ¯,
equipped with the following *-involution
(aµ)∗ = aµ , (Λµν)
∗ = Λµν . (38)
Obviously, for parameters θkl and θ0i approaching zero, and parameters κ, κˆ and κ¯
running to infinity, the above deformations disappear. Besides, for fixed (different than
zero) parameters θkl and θ0i, and parameters κ, κˆ and κ¯ approaching infinity, we get
twisted Poincare group provided in [17]. Moreover, for parameters θkl and θ0i running
to zero, and fixed parameters κ, κˆ and κ¯, we recover the Lie-algebraically deformed dual
Hopf structures introduced in [23].
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3.2 Nonrelativistic case
The nonrelativistic counterparts of dual quantum groups presented in pervious subsection
can be get by:
a) application of already mentioned FRT procedure,
or
b) nonrelativistic contractions of Hopf structures (32)-(34).
Here, we choose the option b). Consequently, we perform the contraction limit of dual
quantum groups Pθkl,κ, Pθ0i,κˆ and Pθ0i,κ¯ in two steps. Firstly, we rewrite the Poincare gen-
erators Λµν and a
µ in terms of Galileian rotations Ri j, boosts v
i and translations (τ, bi)
[26]
Λ00 =
(
1 +
v2
c2
) 1
2
, (39)
Λi0 =
vi
c
, (40)
Λ0i =
vkRki
c
, (41)
Λki =
(
δkl +
((
1 +
v2
c2
) 1
2
− 1
)
vkvl
v2
)
Rl i , (42)
ai = bi , a0 = cτ . (43)
Besides, we rescale the deformation parameters θkl, θ0i, κ, κˆ and κ¯ as follows (see [29])
ξkl = θkl , ξ0i = θ0i/c , λ = κ/c , λˆ = κˆc , λ¯ = κ¯ . (44)
Then, we rewrite the commutation relations (32)-(34) in terms of (new) generators (39)-
(43) and deformation parameters (44). Finally, we take the contraction limit c→∞ and,
in such a way, we get three Galilei quantum groups Gξkl,λ, Gξ0i,λˆ and Gξ0i,λ¯ dual to the
Galilei Hopf algebras Uξkl,λ(G), Uξ0i,λˆ(G) and Uξ0i,λ¯(G) provided in [29]. They take the
form:
i) [ bm, bn ] =
i
λ
τ(δnkδ
m
i − δ
n
iδ
m
k)− iξkl(R
m
k R
n
l − δ
m
k δ
n
l) +
−i ξlk(R
m
l R
n
k − δ
m
l δ
n
k) ,
[ vn, bm ] =
i
λ
(RmkR
n
i + δ
m
kδ
n
i) , (45)
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[ bm, Rpq ] = [ τ, b
m ] = [ τ, vm ] = [ vm, vn ] = 0 ,
[ Rmn, R
p
q ] = [ v
m, Rpq ] = [ τ, R
m
n ] = 0 ,
ii) [ τ, bm ] =
i
λˆ
(δmk bl − δ
m
l bk) + iξˆ0i(R
m
i + δ
m
i ) ,
[ τ, vm ] =
i
λˆ
(δmk vl − δ
m
l vk) ,
[ τ, Rmn ] =
i
λˆ
(δlnR
m
k − δknR
m
l ) +
i
λˆ
(δmkRln − δ
m
lRkn) ,
[ bm, Rpq ] =
i
λˆ
vm(δlqR
p
k − δkqR
p
l) , (46)
[ bm, bn ] = iξ0i(v
mRni − R
m
iv
n) ,
[ bm, vn ] = [ vm, vn ] = [ Rmn, R
p
q ] = [ v
m, Rpq ] = 0 ,
and
iii) [ bm, bn ] =
i
λ¯
δni(δmkbl − δ
m
l bk) +
i
λ¯
δmi(δnlbk − δ
n
kbl) +
+i ξ0i(v
mRni −R
m
iv
n) ,
[ τ, bm ] = iξ0i(R
m
i + δ
m
i ) ,
[ bm, vn ] =
i
λ¯
δmi(δnlv
k
− δnkv
l) , (47)
[ bm, Rpq ] =
i
λ¯
Rmi(δlqR
p
k − δkqR
p
l) +
i
λ¯
δmi(δplRkq − δ
p
kRlq) ,
[ τ, vm ] = [ τ, Rmn ] = [ v
m, vn ] = [ Rmn, R
p
q ] = [ v
m, Rpq ] = 0 ,
respectively. The corpoducts, counits and antipodes remain classical.
Obviously, for parameters ξkl and ξ0i approaching zero, and parameters λ, λˆ and λ¯
running to infinity, the above deformations disappear. Besides, for fixed parameters ξkl
and ξ0i, and parameters λ, λˆ and λ¯ approaching infinity, we get twisted nonrelativistic
quantum groups introduced in [19]. Moreover, for parameters ξkl and ξ0i running to zero,
and fixed parameters λ, λˆ and λ¯, we recover the Lie-algebraically deformed Galilei Hopf
structures introduced as well in [19].
4 Final remarks
In this article we provide six quantum groups Pθkl,κ, Pθ0i,κˆ, Pθ0i,κ¯ and Gξkl,λ, Gξ0i,λˆ, Gξ0i,λ¯
dual to the (generalized) Poincare Hopf algebras Uθkl,κ(P ), Uθ0i,κˆ(P ), Uθ0i,κ¯(P ) and twist
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deformed Galilei Hopf structures Uξkl,λ(G), Uξ0i,λˆ(G), Uξ0i,λ¯(G), respectively. The rela-
tivistic quantum groups Pθkl,κ, Pθ0i,κˆ and Pθ0i,κ¯ were obtained with use of FRT procedure
[30], while their nonrelativistic counterparts Gξkl,λ, Gξ0i,λˆ and Gξ0i,λ¯ have been provided by
the application of well-known nonrelativistic contraction scheme [31]-[33].
It should be noted that obtained results can be extended in various ways. First of
all, one can find with the use of Heisenberg Double procedure [9]-[11], the relativistic and
nonrelativistic phase spaces corresponding to the above Hopf structures. Besides, it seems
quite interesting to ask about basic physical models associated with presented here Hopf
algebras and their dual quantum groups. Such investigations have been already initiated
in the context of classical and quantum mechanics as well as field theory models (for
twist deformations (1)-(3) see [34] and references therein). The works in these directions
already started and are in progress.
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Figure 1: Twisting, contraction and duality procedures.
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